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Abstract
Let (M,g) be a surface with Riemannian metric and curved conic
singularities. More precisely, a neighbourhood of a singularity is iso-
metric to (0, 1)×S1 with metric gconic = dr2+f(r)2dθ2, r ∈ (0, 1). We
study the spectral geometry of (M,g) using the heat trace expansion.
We express the first few terms in the expansion through the geometry
of the singularities. The constant term contains information about the
angle at the tip of the cone. The next term, bt1/2, is expressed through
the curvature and the angle at the tip of the cone.
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1 Introduction
In the prequel paper [S2, Lemma 2.1, Theorem 2.2], we studied the spectral
geometry of surfaces with conic singularities, where gconic = dr
2 + r2dθ2, r ∈
(0, 1). In this case the cone near the singularity is flat and there is one term
in the heat trace expansion that contains information about the singularity.
It is the constant term, which is expressed through the angle at the tip of the
cone. In this article we study the spectral geometry in the more general case,
when the cone near the singularity may be non-flat. As expected there is more
then one term in the heat trace expansion which contains information about
1
the singularity. The constant term, as in the flat case, contains information
about the angle at the tip of the cone. The next term, bt1/2, is expressed
through the curvature of the cone and the angle.
Let (M, g) be a non-complete smooth surface with Riemannian metric
that possesses a curved conic singularity. By this we mean that there is an
open set U such that M \ U is smooth compact surface with closed smooth
boundary (N, gN). Furthermore, U is isometric to (0, 1)×N and the metric
on (0, 1)×N is
gconic = dr
2 + f(r)2dθ2, r ∈ (0, 1). (1.1)
Above f(r) ∈ C∞([0, 1)), f(0) = 0. From now on we refer to such singularity
simply as conic singularity.
The metric on (M, g) determines the Laplace-Beltrami operator ∆. It is
a nonnegative symmetric operator in L2(M) and hence admits self-adjoint
extensions. Since (M, g) is incomplete the Laplace-Beltrami operator may
have many self-adjoint extensions, in this article we consider the Friedrichs
extension. For a manifold with isolated conic singularities the discreteness of
this extension is well known, see [Ch, Section 3 and 4]. It is also known that
the heat operator e−t∆ for t > 0 is a trace class operator and there exists an
asymptotic expansion as t → 0+, see [BS2, Section 7]. The main result of
this article is the following theorem, where we give precise description of the
terms in the expansion and compute the contribution of the singularity to
the first terms.
Theorem 1.1. Let (M, g) be a surface with k conic singularities with the
metric near the i-th singularity gconic = dr
2 + fi(r)
2dθ2, r ∈ (0, 1). If ∆ is
the Friedrichs extension of the Laplace-Beltrami operator on (M, g), then we
have the asymptotic expansion
tr e−t∆ ∼t→0+ 1
4pi
∞∑
j=0
ajt
j−1 +
∞∑
j=0
b j
2
t
j
2 +
∞∑
j=0
cjt
j log t, (1.2)
where a0 = vol(M) and c0 = 0. Furthermore
b0 =
1
12
k∑
i=1
(
1
sinαi
− sinαi
)
and
b 1
2
=
5
96
√
pi
k∑
i=1
κi cotαi.
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Above αi is the opening angle at the tip of the cone near the i-th the singu-
larity and κi is the curvature of the curve generating the cone near the i-th
singularity, i.e. κi = f
′′
i (0).
Note that the surface (M, g) does not have a boundary. In the case of
the smooth compact surface without a boundary, half power order terms do
not appear in the expansion. A very interesting phenomenon is that in the
case of the surface with conic singularities in general there is a non-zero half
power order coefficient b 1
2
.
2 Regular Singular asymptotics
In this section we briefly outline the properties of the regular singular oper-
ators in order to apply the Singular Asymptotic Lemma, [BS2, p. 372], and
obtain the resolvent trace expansion. We then use the results of this section
to prove Theorem 1.1.
Consider an operator
L := −dr2 + r−2A(r), r > 0,
where A(r) is a family of unbounded operators in a Hilbert space H satisfying
the conditions (A1)–(A6) in [BS2, p. 373]. Denote the Friedrichs extension
of L by the same letter. It is shown in [BS, pp. 400–409] that for any
function ϕ ∈ C∞c (R) the operator ϕ(r)(L + z2)−d is trace class for d > 1.
By [BS2, Appendix: A Trace Lemma],
Lemma 2.1. The operator ϕ(r)(L + z2)−d has a kernel, we denote it by[
trL2(N)
(
ϕ(r)(L+ z2)−d
)]
(r1, r2)such that
ϕ(r)(L+ z2)−df(r) =
ˆ
∞
−∞
[
trL2(N)
(
ϕ(r)(L+ z2)−d
)]
(r, q)f(q)dq.
Furthermore
tr
(
ϕ(r)(L+ z2)−d
)
=
ˆ
∞
−∞
[
trL2(N)
(
ϕ(r)(L+ z2)−d
)]
(q, q)dq.
Let Lr be a scaled operator as in [BS2, (4.12)].
We denote σr(r, ζ) :=
[
trH(Lr + ζ
2/r2)−d
]
(r, r). By [BS2, Lemma 4.9],
we have the scaling property
σ1(r, ζ) = r
2d−1ϕ(r)
[
trH(Lr + ζ
2)−d
]
(1, 1). (2.1)
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We assume that
σ(r, ζ) := σ1(r, ζ) ∼ζ→∞
∞∑
l=0
ζ−2d+2−lσl(r). (2.2)
Proposition 2.2. Let ϕ(r) be a smooth function with compact support in R
and ϕ = 1 near r = 0. We have the following expansion as z →∞
tr
(
ϕ(r)(L+ z2)−d
) ∼ ∞∑
l=0
aρl z
−2d+2−l +
∞∑
l=0
bρl z
−2d−l +
∞∑
l=0
cρl z
−2d−l log z,
(2.3)
where the interior terms
aρl =
 
∞
0
ϕ(r)r−2d+2−lσl(r)dr,
the singular terms
bρl =
1
(2d− 1 + l)!
 
∞
0
ζ2d−1+l∂2d−1+lr (σ(r, ζ)) |r=0dζ,
and the logarithmic terms
cρl =
1
(2d− 3 + 2l)!∂
2d−3+2l
r (σl(r))|r=0.
Remark. The subscript ρ indicates that these are coefficients in the resolvent
expansion. The coefficients in the heat trace expansion we denote without
the subscript.
Proof. By [BS2, Theorem 5.2], we can apply the Singular Asymptotics Lemma
to the resolvent kernel σ(r, ζ) supported near r = 0 to get the expansion of
the trace of the resolvent near r = 0. We use (2.2) to obtain
tr
(
ϕ(r)(L+ z2)−d
)
=
 
∞
0
ϕ(r)σ(r, ζ)dr
∼
∞∑
l=0
 
∞
0
σl(r)(rz)
−2d+2−2lϕ(r)dr
+
∞∑
l=0
z−l−1
1
l!
 
∞
0
ζ l∂lr (σ(r, ζ)) |r=0dζ
+
∞∑
l=0
z−2d−2l log z
∂2d−3+2lr (σl(r)) |r=0
(2d− 3 + 2l)! .
(2.4)
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By the scaling property (2.1), all derivatives in the second sum in (2.4)
for l < 2d−1 are zero. Hence the first non zero summand in the sum appears
for l = 2d− 1.
3 Computations of the singular terms
Let (M, g) be a surface with a conic singularity with the metric (1.1). The
Laplace-Beltrami operator corresponding to (1.1) is
−f−1(∂rf∂r)− f−2∂2θ .
We use the change of dependent variable u 7→ f 1/2u to see that the operator
is unitary equivalent to
∆ := −∂2r − f−2∂2θ +
1
2
f ′′
f
− 1
4
(
f ′
f
)2
.
Let h(r) ∈ C∞([0, 1)) be such that f(r) = rh(r), h(0) = f ′(0) and
2h′(0) = f ′′(0). We obrain
∆ = −∂2r + r−2
(
−h−2(r)∂2θ +
1
2
2rh′(r) + r2h′′(r)
h(r)
− 1
4
(h(r) + rh′(r))2
h2(r)
)
=: −∂2r + r−2A(r).
To compute the derivative of A(r), we simplify the notation and omit the
argument h = h(r)
A′(r) =2h−3h′∂2θ +
1
2
(2h′ + 2rh′′h′ + 2rh′′ + r2h′′′h′)h+ (2rh′ + r2h′′)h′
h2
− 1
4
2(h+ rh′)(2h′ + rh′′h′)h2 + 2hh′(h+ rh′)2
h4
.
Consequently
A(0) = − 1
(f ′(0))2
∂2θ −
1
4
and
A′(0) =
f ′′(0)
(f ′(0))3
∂2θ −
1
4
f ′′(0)
f ′(0)
. (3.1)
The next proposition is similar to [BL, Proposition 4.14].
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Proposition 3.1. Let ν ≥ 0, d > 1 and Tν := −∂2r + r−2
(
ν2 − 1
4
)
be an
operator in L2(R+). Denote its Friedrichs extension by the same letter. If
(Tν + z
2)−d−1(r, r) is the kernel of the resolvent of Tν, then we have for
max {−2− 2d,−2− 2ν} < Re(s) < −1
 
∞
0
rs(Tν + 1)
−d−1(r, r)dr =
Γ(d+ 1 + s
2
)Γ(−1
2
− s
2
)Γ(ν + 1 + s
2
)
4
√
pid!Γ(ν − s
2
)
.
Proof. Let Iν(r) and Kν(r) be the modified Bessel functions. By [S1, Propo-
sition 4.2], we obtain
 
∞
0
rs(Tν + 1)
−d−1(r, r)dr =
1
d!
 
∞
0
rs
(
− 1
2ζ
∂
∂ζ
)d
rIν(rζ)Kν(rζ)|ζ=1dr
=
1
d!
 
∞
0
rs+2d+1
(
− 1
2r
∂
∂r
)d
rIν(r)Kν(r)dr.
By [O, p.123],
1
d!
 
∞
0
rs+2d+1
(
− 1
2r
∂
∂r
)d
rIν(r)Kν(r)dr
=
Γ(d+ 1 + s
2
)Γ(−1
2
− s
2
)Γ(ν + 1 + s
2
)
4
√
pid!Γ(ν − s
2
)
.
Now we derive the expansion of the kernel of the resolvent on the diagonal
away from the conic singularity. First we recall the classical theorem for the
heat kernel expansion on the diagonal.
Theorem 3.2 ( [BGM, Section III.E] ). Let K ⊂ M be any compact set
and p ∈ K. There is an asymptotic expansion of the heat kernel along the
diagonal
‖e−t∆(p)− (4pi)−1
j∑
i=0
ti−1ui(p)‖ ≤ Cj(K)tj+1,
where Cj(K) is some constant which depends on the compact set K. More-
over, u0(p) ≡ 1 and all ui(p) are polynomials on the curvature tensor and its
covariant derivatives.
Using the Cauchy’s differentiation formula, we obtain the expansion of
the kernel of the resolvent along the diagonal for p ∈ K ⊂M
6
∥∥∥∥∥(∆ + z2)−d(p)− (4pi)−1
k∑
l=0
z−2d+2−2lul(p)
Γ(d+ l − 1)
(d− 1)!
∥∥∥∥∥ ≤ C˜k(K)z−2d−2k.
(3.2)
Denote σ(r, ζ) := trL2(S1)(∆ + ζ
2/r2)−d, then
σ(r, ζ) ∼ζ→∞
∞∑
l=0
ζ−2d+2−2lσl(r), (3.3)
where
σl(r) = (4pi)
−1Γ(d+ l − 1)
(d− 1)! r
2d−1+2l
ˆ
S1
ul(r, θ)dθ. (3.4)
As a consequence of Proposition 2.2, we obtain
Proposition 3.3. Let ϕ(r) be a smooth function with compact support in R
and ϕ = 1 near r = 0. We have the following expansion as z →∞
tr
(
ϕ(r)(∆ + z2)−d
) ∼ ∞∑
l=0
aρl z
−2d+2−2l +
∞∑
l=0
bρl z
−2d−l +
∞∑
l=0
cρl z
−2d−2l log z,
(3.5)
where the interior terms
aρl = (4pi)
−1Γ(d+ l − 1)
(d− 1)!
 
∞
0
ϕ(r)r−2d+2−2l
ˆ
S1
ul(r, θ)dθdr, (3.6)
the singular terms
bρl =
1
(2d− 1 + l)!
 
∞
0
ζ2d−1+l∂2d−1+lr (σ(r, ζ)) |r=0dζ, (3.7)
the logarithmic terms
cρl = (4pi)
−1 Γ(d+ l − 1)
(d− 1)!(2d− 3 + 2l)!∂
2d−3+2l
r
(ˆ
S1
ul(r, θ)dθ
)
|r=0. (3.8)
In particular, aρ0 = vol(M), c
ρ
0 = 0, c
ρ
1 =
d
30
Res1
(f ′′)2
f
(0).
We denote by α the angle between the axis of the cone and the line
tangent to the surface of the cone at the tip of the cone, i.e. tanα = f ′(0).
We denote by κ := f ′′(0) the curvature of the generating curve near the tip
of the cone.
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Proposition 3.4. We have
bρ0 =
1
12
(
1
sinα
− sinα
)
.
Proof. See [BS2, p. 424].
Proposition 3.5. We have
bρ1 = κ cotα
5Γ(d+ 1
2
)
96
√
pi(d− 1)! .
Proof. Since
d
dr
(∆ + 1)−1 = −(∆ + 1)−1r−1A′(r)(∆ + 1)−1,
we have
trL2(R,L2(S1))
(
d
dr
(∆ + 1)−d
)
= −d trL2(R,L2(S1))
(
r−1A′(0)(∆ + 1)−d−1|r=0
)
.
(3.9)
By (3.7),
bρ1 =
1
(2d)!
 
∞
0
ζ2d∂2dr
(
trL2(R,L2(S1))(∆ + ζ
2/r2)−d(r, r)
) |r=0dζ,
by the scaling property (2.1) and (3.9),
bρ1 =∂r trL2(R,L2(S1))(∆ + 1)
−d(r, r)|r=0
=− d trL2(R,L2(S1))
(
r−1A′(0)(∆ + 1)−d−1|r=0
)
.
We use (3.1) to compute further
bρ1 =− d trL2(R,L2(S1))
(
r−1
(
f ′′(0)
(f ′(0))3
∂2θ −
1
4
f ′′(0)
f ′(0)
)
(∆ + 1)−d−1|r=0
)
=− df
′′(0)
f ′(0)
Res0 |s=−1 trL2(R,L2(S1))
(
rs
(
1
(f ′(0))2
∂2θ −
1
4
)
(∆ + 1)−d−1|r=0
)
=− df
′′(0)
f ′(0)
Res0 |s=−1F (s).
8
Above Res0 |s=−1F (s) denotes the regular analytic continuation at s = −1 of
the function
F (s) := trL2(R,L2(S1))
(
rs
(
1
(f ′(0))2
∂2θ −
1
4
)
(∆ + 1)−d−1|r=0
)
=2
∞∑
k=1
(
− 1
(f ′(0))2
k2 − 1
4
)
trL2(R,L2(S1))
(
rs(Tk + 1)
−d−1|r=0
)
− 1
4
trL2(R,L2(S1))
(
rs(T0 + 1)
−d−1|r=0
)
,
where Tν := −∂2r + r−2
(
ν2 − 1
4
)
is an operator in L2(R).
By Proposition 3.1, we have
F (s) =2
∞∑
k=1
(
− 1
(f ′(0))2
k2 − 1
4
)
Γ(d+ 1 + s
2
)Γ(−1
2
− s
2
)Γ(k + 1 + s
2
)
4
√
pid!Γ(k − s
2
)
− 1
4
Γ(d+ 1 + s
2
)Γ(−1
2
− s
2
)Γ(1 + s
2
)
4
√
pid!Γ(− s
2
)
=
(
2
∞∑
k=1
(
− 1
(f ′(0))2
k2 − 1
4
)
Γ(k + 1 + s
2
)
Γ(k − s
2
)
− 1
4
Γ(1 + s
2
)
Γ(− s
2
)
)
Γ(d+ 1 + s
2
)Γ(−1
2
− s
2
)
4
√
pid!
,
hence
bρ1 =− d
f ′′(0)
f ′(0)
(
2
∞∑
k=1
(
− 1
(f ′(0))2
k2 − 1
4
)
Γ(k + 1
2
)
Γ(k + 1
2
)
− 1
4
Γ(1
2
)
Γ(1
2
)
)
Γ(d+ 1
2
)
4
√
pid!
=− f
′′(0)
f ′(0)
(
2
∞∑
k=1
(
− 1
(f ′(0))2
k2 − 1
4
)
− 1
4
)
Γ(d+ 1
2
)
4
√
pi(d− 1)!
=− f
′′(0)
f ′(0)
(
2
(
− 1
(f ′(0))2
ζ(−2)− 1
4
ζ(−1)
)
− 1
4
)
Γ(d+ 1
2
)
4
√
pi(d− 1)!
=− f
′′(0)
f ′(0)
(
1
24
− 1
4
)
Γ(d+ 1
2
)
4
√
pi(d− 1)!
=
f ′′(0)
f ′(0)
5Γ(d+ 1
2
)
96
√
pi(d− 1)! .
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Above ζ(s) is the Riemann zeta function.
Use f ′′(0) = κ and f ′(0) = tanα to obtain the final formula
bρ1 = κ cotα
5Γ(d+ 1
2
)
96
√
pi(d− 1)! .
Proof of Theorem 1.1. To proof the theorem we choose a partition of unity
ϕi, ψ such that ϕi is supported near the i-th singularity and ψ is supported
away from the singularities. Then we consider
tr(∆ + z2)−d =
k∑
i=1
tr
(
ϕi(r)(∆ + z
2)−d
)
+ tr
(
ψ(∆ + z2)−d
)
.
By Proposition 2.3, we compute the coefficients in the expansion near each
singularity, tr
(
ϕi(r)(∆ + z
2)−d
)
. The coefficients away from the singular-
ity are computed using the interior resolvent kernel expansion. Then we
combine Proposition 3.3 with Proposition 3.4 and Proposition 3.5. We use
al =
(d−1)!
Γ(d−1+l)
aρl and bl/2 =
(d−1)!
Γ(d+l/2)
bρl and cl =
(d−1)!
Γ(d+l)
cρl to obtain the coef-
ficients in the heat kernel expansion from the coefficients in the resolvent
kernel expansion. This finishes the proof.
References
[BGM] M.Berger, P.Gauduchon, E.Mazet, Le spectre d’une varie´te´ rie-
mannienne, Lect. Notes Math. 194, Springer-Verlag, Berlin-Heidelberg-
New York (1971).
[BL] J. Bru¨ning, M.Lesch, On the spectral geometry of algebraic curves,
J. reine angew. Math., 474 (1996), 25–66.
[BS] J. Bru¨ning, R. Seeley, An index theorem for first order regular singular
operators, Am. J. Math. 110 (1988), 659–714.
[BS2] J. Bru¨ning, R. Seeley, The resolvent expansion for second order regular
singular operators, J. Funct. Anal. 73 (1987), 369–429.
[Ch] J.Cheeger, Spectral geometry of singular Riemannian spaces, J. Differ-
ential Geom. 18 (1983), no. 4, 575–657.
[O] F.Oberhettinger, Tables of Mellin transforms, Springer-Verlag, Berlin
(1974).
10
[S1] A. Suleymanova, Heat trace expansion on manifolds with conic singular-
ities, Preprint, arXiv:1701.01874 [math.SP] (2017)
[S2] A. Suleymanova, On the spectral geometry of manifolds with conic sin-
gularities, Preprint, arXiv:1710.05355 [math.SP] (2017).
11
